The highly anisotropic thermal expansion in the hexagonal silicate ␤-eucryptite ͓␤-LiAlSiO 4 ͔ has been investigated using neutron diffraction measurements ͑for temperatures from 20 to 873 K͒ and density functional calculations. The agreement between theory and experiment is very good, and the main features of the expansion can be explained by anomalies in the phonon spectrum. The low-T minimum of the lattice constant perpendicular to the hexagonal axis can be attributed to an additional ''chemical invar'' mechanism arising from the double-well energy surface of the Li ions that is also evident in the order-disorder transition in the material. ͓S0163-1829͑98͒04134-4͔
I. INTRODUCTION
Thermal expansion is a basic property of any material, and differences in thermal-expansion coefficients are important in many fields. Examples are the weathering of rocks, the stability of alloys under heat treatment, and the use of glazes in ceramics. Thermal expansion determines the ultimate usefulness of many ceramics, and large optical instruments-such as telescope mirrors-provide examples where low thermal expansion over a range of temperatures is essential. 1 The hexagonal aluminosilicate ␤-eucryptite (LiAlSiO 4 ) ͑Ref. 2͒ has remarkable thermal-expansion properties, with coefficients that are extremely anisotropic (␣ a ϳ8.6ϫ10 ) and almost independent of temperature in the range 300-1400 K. 3 The relationship ␣ c ϷϪ2␣ a suggests that polycrystalline or glassy phases should have a low ''average'' volume thermal expansion in this temperature range. Polycrystalline ␤-eucryptite is, in fact, a major component of modern ceramic stove tops.
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This material is also a subject of continuing interest to earth scientists, due to its structural similarity to ␤-quartz. Quartz is the most common oxide in the earth's crust, and studies of ␤-eucryptite shed light on the structural behavior of ␤-quartz, which cannot be quenched below 573°C and is difficult to investigate. Furthermore, many minerals in nature experience impurity-induced phase transitions in which dopants mimic the effects of changing temperature. The substitution of LiAl for Si in quartz is a classic example of such a transition, and studies on ␤-eucryptite should help clarify the role that dopants play in the ␣-␤ phase transition in quartz.
Thermal expansion has been studied in many simple crystals. An example is Si, with two atoms in the unit cell, where anomalies in the Grüneisen parameters for zone-boundary transverse-acoustic phonons contribute to the negative ͑iso-tropic͒ thermal expansion at low T. 4 The situation is much more complicated in ␤-eucryptite, whose ͑average͒ high-T structure with space group P6 2 22 is shown in Fig. 1 . This is a lithium-stuffed derivative of high quartz (␤-SiO 2 ), 2 comprising parallel double helices of SiO 4 and AlO 4 tetrahedra. The alternation of layers containing Si and Al atoms results in a doubling of the c axis of ␤-quartz. There are onedimensional channels along this axis that are occupied by Li ions and show both one-dimensional superionic conductivity 5 and an order-disorder transition near 755 K. 6 Below this temperature, the Li ϩ ions form a superstructure occupying sites in the Si and Al planes in the ratio 3:1. 7 While it is plausible that the thermal expansion in ␤-eucryp- tite is highly anisotropic, 2 our understanding of this material-experimental and theoretical-is far from complete.
We describe here neutron-diffraction determinations of the lattice constants for temperatures between 20 and 873 K as well as calculations of the expansion coefficients. The measurements provide data on the low-temperature thermal behavior of ␤-eucryptite ͑from 20 to 300 K͒. Moreover, our unit-cell parameter data are based on whole-pattern fitting of powder diffraction and are more accurate than earlier work based on a least-squares analysis of a comparatively small number of diffraction lines. The calculations uses a density functional ͑DF͒ method that is free of adjustable parameters. The negative thermal expansion is shown to be related to both the existence of phonons with negative Grüneisen parameters and the unusual behavior of the Li atoms described above.
II. NEUTRON DIFFRACTION MEASUREMENTS
␤-eucryptite was synthesized from Li 2 CO 3 ,A l 2 O 3 , and SiO 2 •nH 2 O powders in the molar ratio 1:1:2. The mixture was sintered in a Deltech vertical-tube furnace at 1100°C for 15 h and, after grinding, resintered at 1300°C for 24 h. X-ray diffraction showed that the final material consisted only of ␤-eucryptite. Low-and high-temperature time-of-flight ͑TOF͒ neutron-diffraction experiments were carried out at the Manuel Lujan, Jr. Neutron Scattering Center ͑MLNSC͒ at the Los Alamos National Laboratory. The data at 20, 100, and 200 K were collected on the high intensity powder diffractometer ͑HIPD͒, and those at 298, 543, 748, and 873 K with the neutron powder diffractometer ͑NPD͒. The HIPD data were collected in four detector banks centered at Ϯ90°2 and Ϯ151°2, and the NPD data in two banks centered at Ϯ90°2. Data from two banks were analyzed simultaneously at each temperature.
Rietveld refinement was performed using the general structure analysis system 8 with starting atomic parameters from Ref. 7 . The parameters were refined as follows. After converging scale factor and three background terms, specimen displacement and lattice parameters were added and optimized. Between 3 and 12 background terms were added for each histogram, and the peak profiles fitted by refining isotropic and anisotropic broadening parameters in a TOF profile function. 9 In the final cycle, atomic positions and temperature factors of Li, Si, Al, and O were refined using 37-54 variational parameters, leading to R wp values ranging from ϳ6% ͑low-T data͒ to ϳ13% ͑high-T data͒. The lattice constants for all temperatures are given in Table I . The volume expansion coefficient is small and negative for these temperatures.
III. DENSITY FUNCTIONAL CALCULATIONS

A. Structures
The DF calculations were performed with the localdensity approximation for the exchange-correlation energy, a plane-wave basis with a kinetic energy cutoff of 70 Ry, and nonlocal pseudopotentials to represent the electron-ion interactions. 10 The low-T structure has twelve formula units ͑84 atoms͒ in the unit cell. Optimization with respect to volume V and c/a ratio ͑relaxing all internal degrees of freedom͒ leads to a hexagonal structure with lattice constants ͑relative to the experimental values͒ aϭ0.98a exp , c ϭ1.00c exp . As the temperature is increased, there is a progressive disordering of the Li distribution, with a phase transition to a smaller unit cell.
2 The ''average'' structure of ␤-eucryptite at high temperatures has three formula units ͑21 atoms͒ in the unit cell, with all Li atoms in the Si layers. For this structure, we find aϭ1.01a exp , cϭ1.00c exp .A se xpected, the low-T structure is more compact than the high-T structure.
The Li ϩ ions in the low-T structure can occupy sites with tetrahedral oxygen coordination in both the Al and Si planes. Using the lattice constants found for the 3:1 supercell structure, we have optimized the 2:2 and 4:0 structures allowing all internal coordinates to relax. Relative to the energy of the 3:1 structure, the 2:2 form lies 15 meV ͑170 K͒ and the 4:0 supercell 55 meV ͑600 K͒ per unit cell of the high-T structure ͑three Li atoms͒ higher. These results are consistent with the 3:1 structure found at low temperatures and are in qualitative agreement with the observed order-disorder critical temperature (ϳ750 K).
The barriers between the different energy minima for Li structures is crucial for discussing the ionic conductivity of ␤-eucryptite, which is 3-4 orders of magnitude greater along the hexagonal axis than in the ab plane. 5 We have studied the energy barriers for diffusion in the c direction of one (Li 1 in Fig. 2͒ and three Li atoms per cell (Li 3 ), respectively. We have used the ''average'' structure and allowed the positions of all other atoms to relax fully. Figure 2 shows that the barrier for correlated Li motion (ϳ0.3 eV per Li atom͒ is much less than the energy required for uncorrelated hopping (ϳ0.8 eV). The experimental thermal activation energy is 0.79 eV, 5 and the degree of correlation has been estimated from diffuse neutron-scattering measurements to be 19Ϯ3 atoms. 6 To see whether the calculated barrier ͑Fig. 2͒ is consistent with the latter finding, we have performed a Monte Carlo calculation at 1000 K for this barrier. The half width of the resulting structure factor distribution (0.06 2/c) corresponds to a Li correlation length of ϳ17 atoms, in good agreement with the neutron-scattering data of Ref. 6 .
B. Thermal expansion
Formalism
The thermal expansion of an anisotropic crystal with elastic deformation u i , temperature T, and volume V can be determined from the free energy 11 F͑u i ,T ͒ϭE͑ 0,0͒ϩ 1 2
where E(0,0) is the ground-state total energy, V is the volume, B ij the elastic compliances, and F* is the temperaturedependent part. In the absence of stresses, the equilibrium values of u i can be determined from ‫ץ‬F/‫ץ‬u i ϭ0, yielding the thermal-expansion coefficients ␣ i ϭdu i /dT ϭ͚ j (B
Ϫ1
) ij ‫ץ‬S/‫ץ‬u i , where the entropy SϭϪ‫ץ‬F*/‫ץ‬T. For a uniaxial crystal such as ␤-eucryptite, we define independent volume and tetragonal deformations du 1 ϭdlnV and du 2 ϭdln(c/a). Within the quasiharmonic approximation, where the vibrations are assumed to be harmonic but with deformation-dependent frequencies, the anisotropic thermal expansion can then be written as 11 ␣ a ͑ T ͒ϭ 1 3BB 22 ͓͑B 22 ϩB 12 ͒␥ 1 Ϫ͑B 11 ϩB 12 ͒␥ 2 ͔, ͑1͒
␣ c ͑ T ͒ϭ 1 3BB 22 ͓͑B 22 Ϫ2B 12 ͒␥ 1 ϩ͑2B 11 ϪB 12 ͒␥ 2 ͔. 
is the Bose-Einstein function. The frequencies j (q)-the jth branch of the phonon spectrum with wave vector q-are determined from the eigenvalues of the dynamical matrix (DϪ 2 I)Cϭ0, where
‬ 2 E/‫ץ‬R ␣ ‫ץ‬R ␤ and I is the unit matrix. The phonon contribution to thermal expansion can then be found by calculating all phonon frequencies and their derivatives with respect to V and c/a:
Phonon spectrum
Density functional calculations of the phonon spectrum are numerically demanding, and calculations of thermal expansion have been limited to date to relatively simple systems with one or two atoms in the unit cell. Here we have a complex, uniaxial structure ͑even the simpler high-T structure has 21 atoms in the unit cell͒, and we require numerically accurate values of the phonon frequencies and their derivatives with respect to the ͑anisotropic͒ distortions. The high-T structure has 60 optic modes and 3 acoustic modes at the ⌫ point, and the dispersion of the phonon branches should be small. This is in contrast to the situation in silicon, for example, where the contribution of zone-boundary phonons is important. 4 We have calculated the phonon spectra for the high-T and low-T structures of ␤-eucryptite, with 3 and 12 formula units, respectively. Our finding that the phonon spectra are very similar supports our assumption that phonon dispersion is weak in this material.
The phonon spectra calculated assuming no dispersion ͑i.e., qϭ0) are shown in Fig. 3 for the high-T structure and for changes in the c/a ratio and volume V of Ϯ5%. There are prominent peaks in the phonon density of states near 400, 600-800, and 1000 cm Fig. 3 , the volume Grüneisen parameters are positive, i.e., the frequencies are higher for the compressed structure. The nontrivial cancellation of the contributions to thermal expansion of phonons up to 800 cm Ϫ1 and around 1000 cm Ϫ1 results in a small average volume expansion. Since ͉B 11 ␥ 2 ͉Ͼ͉B 22 ␥ 1 ͉ and all combinations of elastic constants in the brackets of Eq. ͑1͒ are positive, ␣ a and ␣ c have opposite signs. The calculated temperature dependence of the lattice constants a and c agree remarkably well with experiment ͑Fig. 4, dashed curve͒, as do the hightemperature values of ␣ a (9.46ϫ10
It is interesting to compare the situation with that in silica, where there is a network of neutral SiO 4 tetrahedra and the negative thermal expansion is related to the low-frequency phonons that are responsible for the ␣-␤ phase transition. For ␤-quartz there are such rigid unit modes 15 for q at high symmetry points in the Brillouin zone ͑BZ͒,i nt h e͑ 001͒ plane, and along the ͓001͔ directions. 16 One mode at the ⌫ point is a soft mode of the displacive transition, and it has a frequency of only ϳ30 cm Ϫ1 even for Tϳ1200 K. The presence of low-frequency phonons and the distribution of weight over the BZ dominate the expression for ␥ i , due to the approximate 1/ n 2 dependence and the large thermal factor ‫ץ‬n B /‫ץ‬T. The corresponding modes in ␤-eucryptite have much higher frequencies (ϳ200 cm , all modes contribute to thermal expansion.
C. A ''chemical invar'' effect?
The precision of the present measurements allows us to identify unambiguously the presence of a minimum in a(T) ͑Fig. 4͒. The calculations based on the phonon mechanism do not show this feature, and it is interesting to speculate on its origin. We have noted the existence of a two-level system involving the motion of the Li atoms, and calculations on the ''average'' structure show that both the c and a axes are ϳ1% shorter for the higher-energy minimum at the Al plane ͑Fig. 2͒. There is an obvious analogy to the invar effect in Fe 3 Ni alloys, where a less stable nonmagnetic state is more compact than the magnetic ground state 17 and increasing the temperature and the population of the higher-energy state leads to contraction.
This mechanism is related to the order-disorder phase transition in the Li subsystem in ␤-eucryptite, and it could lead to a negative contribution to the thermal expansion. To estimate its order of magnitude, we have studied a simple two-level model used previously in the invar case. 17 If we adopt the contracted values of the lattice constants mentioned above and an energy difference between the two structures of 500 K, we can estimate the correction arising from this mechanism. The result, shown as the full curves in Fig. 4 , is in improved agreement with experiment. While these results show that the existence of a ''chemical invar'' mechanism in ␤-eucryptite is plausible, other contributions-such as those from the q 0 phonons-must be estimated before firm conclusions can be drawn. We are extending the present calculations to include these effects.
IV. DISCUSSION AND CONCLUDING REMARKS
␤-eucryptite is a unique material. It has a uniaxial crystalline structure closely related to that of ␤-quartz and is a ''one-dimensional'' superionic conductor with an orderdisorder phase transition. Its polycrystalline, glass ceramic form has a small ͑and negative͒ thermal-expansion coefficient over a large temperature range. We have presented here neutron-diffraction data for the thermal expansion of a polycrystalline sample for 20 KϽTϽ873 K, and we are performing x-ray-diffraction studies of the same sample at the same temperatures to refine the structure further.
The density functional calculations described here provide a remarkably good description of the energy surfaces and related properties of an interesting material with a complex structure. The agreement between theory and experiment for the thermal expansion is particularly encouraging, since such calculations must incorporate both the quantum nature of the phonons and an accurate estimate of their frequencies. The quasiharmonic approximation we have used is not appropriate at very high temperatures, but there is no sign that it does not hold in the temperature range of the present measurements on ␤-eucryptite. The identification of the origin of the unusual behavior of this material should stimulate the search for other materials with similar properties. 
